Abstract. Let G be a connected reductive algebraic group defined over the finite field Fq, where q is a power of a good prime for G, and let F denote the corresponding Frobenius endomorphism, so that G F is a finite reductive group. Let u ∈ G F be a unipotent element and let Γu be the associated generalised Gelfand-Graev representation of G F . Under the assumption that G has a connected centre, we show that the dimension of the endomorphism algebra of Γu is a polynomial in q, with degree given by dim CG(u). When the centre of G is disconnected, it is impossible, in general, to parametrise the (isomorphism classes of) generalised Gelfand-Graev representations independently of q, unless one adopts a convention of considering separately various congruence classes of q. Subject to such a convention we extend our result.
Introduction
In [Kaw85] N. Kawanaka has associated a generalised Gelfand-Graev representation to each unipotent class of a finite reductive group G F . These representations have deep connections with the geometry of the unipotent classes of G. In [Kaw85] Kawanaka has also obtained a formula for their characters in terms of Green polynomials in the case of general linear and unitary groups. Inspired by this, G. Lusztig ([Lus92] ) has obtained a similar formula, valid for an arbitrary finite reductive group (with p sufficiently large), expressed in terms of intersection cohomology complexes of closures of unipotent classes with coefficients in various local systems. By considering the inner product of generalised Gelfand-Graev characters (with themselves) using these formulas we thus obtain expressions for the dimension of the associated generalised Gelfand-Graev modules.
Naturally, the prime power q features heavily in these formulas and in such situations it is useful to think of q as a variable. However care is needed in order to formulate precise and meaningful statements. This notion is central in the theory of finite reductive groups as it allows generic behaviour to be observed, i.e. behaviour which is independent of the associated finite field. Recently S. Goodwin and G. Röhrle have written two papers ( [GR09a] , [GR09b] ) in which the notion of polynomials in q is used extensively, and the set-up in the present paper is inspired by the set-up in those papers.
Under a certain assumption on the root datum of G (ensuring that the centre of G, together with all groups with the same root datum but with a possibly different associated prime power q, are connected), we shall explain what we mean by the statement "the dimension of a generalised GelfandGraev module is a polynomial in q", before proving it. We will also show that the degree of this polynomial is given by the dimension of the centraliser (in G) of a unipotent element in G F from the class associated with that module. (For groups with a component of Type E 8 we may need to dichotomise our set-up, depending on the value of q modulo 3.) When G has a disconnected centre we cannot even parametrise the generalised GelfandGraev characters independently of q in general, and so we cannot hope for such a clean statement here. However, similar behaviour is exhibited in the disconnected centre case, and we have found that a suitable way to capture this is to consider q as a variable, but whilst only allowing certain congruence classes of q. Subject to this restriction we extend the aforementioned results to this situation too.
In [Ste67] R. Steinberg has shown that (ordinary) Gelfand-Graev representations are multiplicity-free (although this was proved previously for split groups by T. Yokonuma in [Yok67] , [Yok68] ), and that they contain |Z(G) F |q l irreducible constituents. It thus follows that this number is the dimension of their endomorphism algebras. When the centre of G is connected this number may be viewed as a polynomial in q of degree rank G, the latter agreeing with the dimension of the centraliser of a regular unipotent element. One could view the results of this paper as a generalisation of this fact to generalised Gelfand-Graev representations.
This paper is organised as follows. In the remainder of this section we lay down the rigorous foundation necessary to formulate precise statements involving polynomials in q. In Section 2 we prove our main result in the special case of general linear and unitary groups, using Kawanaka's character formula. In Section 3 we extend this to a much more general setting, using Lusztig's character formula. Although Section 2 is essentially a special case of Section 3, it is considerably easier to understand, conceptually, the ingredients of the former, and may serve to illuminate the latter.
We let G uni denote the unipotent variety of G, and for g = Lie(G), we let g nil denote the nilpotent variety of g. Throughout, for u ∈ G F uni , we denote by Γ u the corresponding generalised Gelfand-Graev representation, and the lower case γ u for its character. All representations will be overQ l .
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Polynomials in q.
Recall that a connected reductive algebraic group is uniquely determined by its root datum (X, Y, Φ,Φ), and that a related finite reductive group is uniquely determined by the following.
(1) A root datum (X, Y, Φ,Φ). Now suppose we have a quantity attached to a fixed choice of data 1 and 3 above, which is a function of various prime powers q. If there exists a polynomial f ∈ Q[x] such that the quantity is given by f (q) for those q under consideration, then we say that this quantity is a polynomial in q. In the same spirit, we may also talk about quantities which are independent of q. When we write G we will sometimes mean a fixed group with an associated fixed prime power q (sometimes the notation G(q) is used), but sometimes, by abuse, we will talk about properties of G which are independent of q, in which case we are, strictly speaking, referring to properties of the root datum, together with F 0 .
For the statement "dim EndQ l G F Γ u is a polynomial in q" to be meaningful, we first need to establish that the number of distinct generalised GelfandGraev characters is fixed as we vary q, and that they can be parametrised independently of q. But since the generalised Gelfand-Graev characters are parametrised by the unipotent classes of G F we shall focus on the latter. Clearly we will need to fix, once and for all, a root datum (X, Y, Φ,Φ), and automorphism F 0 .
Before we begin the discussion of unipotent classes we fix some data which will play a part both in the current situation and later on when we will wish to compare G F -classes of certain rational subgroups of G, across different values of q. We fix a maximally split maximal torus T ≤ G for each prime power, and a simple system π ⊂ Φ such that F 0 (π) = π. Then this uniquely determines a rational Borel subgroup B ⊃ T .
In order to parametrise geometric unipotent classes and F -stable geometric unipotent classes independently of q we apply an idea of N. Spaltenstein of using a group G ′ with the desired root datum as G but over a field of characteristic zero, as a reference point. We let T ′ be a maximal torus of G ′ and B ′ a Borel subgroup of G ′ containing T ′ . For this discussion we restrict our attention to q which are powers of a good prime for our fixed root datum. (Recall that this restriction is also necessary to define generalised Gelfand-Graev representations.) Let X G and X G ′ denote the set of geometric unipotent classes of G and G ′ respectively. Then Spaltenstein has shown ([Spa82], Théorème III.5.2) that there exists a map π G : X G ′ → X G , which is characterised by the following three properties:
• It is an isomorphism of posets.
• It preserves the dimensions of classes.
• It satisfies certain compatibility relations between parabolic subgroups in G and G ′ containing B and B ′ respectively.
Since this map is uniquely defined we may use it as a means of parametrising the geometric unipotent classes of G independently of q. Now the Frobenius endomorphism F on G may be written as q is determined by the multiplication by q map on the character group of T , whilst F 0 is an automorphism of G of finite order, determined uniquely by the automorphism on Φ that we fixed previously. Then F 0 determines also a map F ′ 0 on G ′ in the same manner. Clearly the maps F and F ′ 0 induce permutations on X G and X G ′ respectively and, moreover, the following diagram commutes:
The only non-trivial thing to show here is that F q acts trivially on X G , a fact which follows from the Springer correspondence (see also [GM99, p. 24] ).) It follows that our parametrisation of geometric unipotent classes respects the F -action, and thus we have a q-independent parametrisation of F -stable unipotent classes of G.
We now turn our attention to the unipotent classes of G F . For this we will need to assume that X/ZΦ is torsion-free. Let C be an F -stable unipotent class in G and fix an F -stable point u ∈ C. Then, by the Lang-Steinberg theorem, the G F -orbits in C F are parametrised by the F -conjugacy classes of
Explicitly, this is done as follows: For each Fconjugacy class in A(u), choose a representative a; then choose g a ∈G such that g −1 a F (g a ) =ȧ for some representativeȧ of a in C G (u); then {g a ug −1 a } is a set of representatives for the G F -conjugacy classes in C F . The next step is to make a special choice for u for which the F -action on A(u) is as simple as possible and so that we have a more canonical reference point in C for when we vary q. Thankfully, this is possible by an idea of T. Shoji. If G is simple modulo its centre and Φ is not of type E 8 then u may be chosen to be a so-called split element (proved in [Sho83] , [Sho82] , and [BS84] ; see also the survey [Sho87] , §5). We omit the definition here, but suffice to say that split elements in C comprise a unique G F -conjugacy class and, if u is a split element, F acts trivially on A(u). Thus, the G F classes in C F correspond canonically to the conjugacy classes of A(u). In fact, suppose u ′ ∈ G ′ is a unipotent element whose G ′ -class agrees with the G-class of u under Spaltenstein's map, then we may write down an explicit bijection between the conjugacy classes of A(u) and A(u ′ ). (See [MS03] , p. 336, for the details of this bijection, although this is based on earlier work in [Miz80] and [Ale79] .) In this manner we can label the unipotent classes, and hence the generalised Gelfand-Graev characters, of G F independently of q.
We now consider groups of type E 8 . Following [Kaw86] , Proposition 1.2.1, we dichotomise the situation according to whether q is congruent to 1 or −1 modulo 3. (Note that we do not consider the case where q is a power of 3 since this is a bad prime for E 8 .) From now on, when we refer to "polynomials in q" or "treating q as a variable" we tacitly assume that we have fixed one or the other of these situations. In fact we only really need this distinction when u is in the geometric unipotent class with BalaCarter label E 8 (b 6 ) (corresponding to Mizuno label D 8 (a 3 )). In this case there is a G F -class of split elements if q is congruent to 1 modulo 3 (and hence the G F -classes may be parametrised independently of q as before), but split elements do not exist in this class if q is congruent to −1 modulo 3. However, it is possible to deal with this case explicitly. (E.g. it is known that there are precisely three G F -classes and that their class sizes are given by different polynomials so we could, for instance, label these classes by these known polynomials.) This distinction is also implicitly used in Section 3 since Green functions, which appear there, have an analogous q dependence issue for groups of type E 8 .
By a well-known process of reduction in the theory of unipotent classes of reductive groups we may also lift the assumption that G be simple modulo its centre. (See the standard text of Carter [Car93] , Ch. 5, for a general treatment, and [GR09b] , p. 7, for a discussion relevant to the current context.)
In summary, we have the following:
and automorphism F 0 of the Dynkin diagram associated with (X, Y, Φ,Φ), and assume that X/ZΦ is torsion-free. Then we may parametrise the unipotent classes (and therefore the generalized Gelfand-Graev characters) of all finite reductive groups which have this data independently of the associated prime power q, provided q is a power of a good prime.
We will also make use of the following, sometimes implicitly.
Proposition 1.2. With the set-up of Proposition 1.1, let R be a set of qindependent labels for the unipotent classes of these groups. For each power q of a good prime and each r ∈ R, let u r,q be a representative of the corresponding unipotent class. Then, allowing q to vary, the order of the centraliser of u r,q is a polynomial in q.
Proof. This is [GR09a] , Proposition 3.3. The proof appeals to the LusztigShoji algorithm for computing Green functions.
2. Type A n : Kawanaka's formula
In this section we set G = GL n (k) and endow it with a split or non-split F q -rational structure, with corresponding Frobenius endomorphism F , so that G F is GL n (F q ) or GU n (F q ). Using [Kaw85] , (3.2.14), we prove the following:
Theorem 2.1. Let G and F be as above, u ∈ G F a unipotent element, and Γ u the corresponding generalised Gelfand-Graev representation. Then the dimension of the endomorphism algebra EndQ l G F Γ u is a monic polynomial in q with rational coefficients. Moreover, its degree is given by the dimension of the centraliser C G (u).
Note that we need no condition on p here since all primes are good. Before we can state Kawanaka's formula we must first explain the ingredients from [Kaw85] . The unipotent classes of G are parametrised by the partitions of n, via the Jordan normal form, and the rational points of such a class comprise a single G F -class. We may therefore denote a typical generalised Gelfand-Graev character by γ λ , where λ ⊢ n. We may also use partitions to label the non-zero values of generalised Gelfand-Graev characters since they are known to vanish on non-unipotent elements. We shall therefore adopt the convention of writing γ λ (µ) for the character value of γ λ on the class corresponding to µ. We set ε = 1 or −1 depending on whether F is split or not, respectively. If λ = (λ 1 , λ 2 , . . . , λ r ) ⊢ n then we define
With reference to a fixed rational maximal torus T , we may, by the LangSteinberg theorem, label the G F -classes of rational maximal tori by the Fclasses of the Weyl group W = N G (T )/T ∼ = S n . If T is the diagonal maximal torus then F acts trivially on W and therefore we may label these by the classes of W and, thus, by the partitions of n. (Here we have chosen the Frobenius endomorphism defining GU n (F q ) to be F (g) = t F q (g −1 ), where g ∈ G and F q is a standard Frobenius endomorphism.) With this set-up we denote representatives of the G F -classes of rational maximal tori by T λ for λ ⊢ n, and define
will denote the Green polynomial with parameters λ, µ ⊢ n (cf. [Mac79] ). Finally, we define a rational function
In fact this is a polynomial of degree n(µ) by [Mac79] , Chapter III, §7. Now we may state Kawanaka's formula.
, (3.2.14) ) With the above set-up,
Recall that a Green function of G F is the restriction of a Deligne-Lusztig virtual character R T,θ to G F uni . In the case of general linear groups these are simply Green polynomials, and for unitary groups they are of the form Q µ λ (−q). We shall need the following orthogonality formula for Green functions. (See, e.g., [Sho87] .) Let λ F denote the unipotent class in G F corresponding to λ ⊢ n. Then
which is a polynomial in q. Indeed, it is easy to check that it is a rational function of the form f /|G F | for some f ∈ Q[q]. (We consider |G F | as a polynomial in q here.) So f (q)/|G F | ∈ Z for infinitely many q. By applying the division algorithm we may write f = g|G F | + r, where deg r < deg |G F |. It follows that for some integer c, cr(q)/|G F | ∈ Z for all q. But the limit as q → ∞ is 0, so r = 0 and the claim follows. We label this argument by ♣ as we shall reuse it later. The fact that conjugacy class sizes are given by polynomials in q can be deduced by applying ♣ and the orbit-stabiliser theorem to Proposition 1.2. Now we will show that the degree of this polynomial is dim C G (u), where u is in the class corresponding to µ by the Jordan normal form. For GL n (k) it is known that dim C G (u) = n + 2n(µ). (Adapt, e.g., the corresponding result, [Gec03] , Proposition 2.6.1, for SL n (k).) To make the derivation tidier we define an equivalence relation on
. Under this relation the above expression is equivalent to
where we have used the fact that |T F ρ | = q n e ρ ((εq) −1 ). So, to complete the proof of Theorem 2.1, it remains to show that dim EndQ l G F Γ µ is monic. Indeed, observe that the coefficient of the leading term has been preserved in the above until the last line. Using the fact (see, e.g., [Kaw85] ) that W ρ ∼ = C S n (ρ), the centraliser in the symmetric group of an element of cycle type ρ, we see that
which completes the proof of Theorem 2.1.
The general case: Lusztig's formula
Inspired by Kawanaka's work, Lusztig ([Lus92], Theorem 7.3)) has derived a similar formula to that in Theorem 2.2, valid for any connected reductive group, but assuming that p is large. (We assume that p is large enough in the sense of [Lus92] throughout this section.) Lusztig's formula, however, is rather more geometric and is given in terms of intersection cohomology complexes of closures of unipotent classes with coefficients in various local systems. We will use it to prove the following.
Theorem 3.1. Let G be a connected reductive group, defined over F q , with root datum (X, Y, Φ,Φ) and Frobenius endomorphism F . Let u ∈ G F be a unipotent element and let Γ u be the corresponding generalised Gelfand-Graev representation. Then, assuming that X/ZΦ is torsion-free, the dimension of the endomorphism algebra EndQ l G F Γ u is a monic polynomial in q with rational coefficients. Moreover, its degree is given by the dimension of the centraliser C G (u).
In [Lus92] Lusztig has associated a generalised Gelfand-Graev representation Γ φ to each homomorphism φ : sl 2 → g, where g = Lie G. However, for convenience we will use the equivalent notation Γ N = Γ φ , where N ∈ g is the nilpotent element which is the image under φ of the matrix with 1 in the (1, 2)-position and 0 elsewhere. This is defined on certain rational points of the nilpotent variety g nil of g, but can be made into a usual generalised Gelfand-Graev representation as follows.
The basic parameter set used in [Lus92] is the set I of all pairs (C, F), where C is a nilpotent orbit in g and F is an irreducible, G-equivariant,Q llocal system on C, up to isomorphism. By starting with a closed subgroup L of G, which is the Levi subgroup of some parabolic subgroup of G, we may obtain another parameter set in the same manner. In this way, we obtain triples (L, c, L), where c is a nilpotent Ad(L)-orbit in l = Lie(L), and L is an irreducible, L-equivariant,Q l -local system on c, given up to isomorphism. Using the generalised Springer correspondence we can partition the set I into blocks, and to each block we may associate (the G-orbit of) such a triple (a cuspidal triple).
By [Lus92] , §4, the elements of these blocks are naturally parametrised by the irreducible characters of the Weyl group W L = N G (L)/L. There is a single block associated with the maximal tori, since all maximal tori are G-conjugate and contain only the trivial unipotent class. We shall call this block the principal block, by analogy with Harish-Chandra theory.
In each class C fix a representative u once and for all, and consider the component group A(u) = C G (u)/C • G (u). This acts naturally on the stalk F u of a G-equivariant local system F on C, and thus gives rise to a finite dimensionalQ l -representation of A(u). On the other hand, if ρ ∈ Irr A(u) then we may obtain the irreducible G-equivariant local system Hom A(u) (ρ, π * Ql ), where π : G/C G (u) • → G/C G (u) ∼ = C is a finiteètale covering with group A(u) (cf. [Sho88] , p. 74). We shall denote by N G the set of all pairs (C, ψ), where C is a nilpotent orbit in g and ψ ∈ Irr A(u). By the above I may be naturally identified with N G .
Assume now that G is defined over F q , with Frobenius endomorphism F . Then F acts on I by
where F * (F) is an inverse image of local systems. If C is F -stable and u ∈ C F then the F -action respects the natural identification of I and N G . If C is not F -stable, more care is needed to describe the action. (But it is still respected by F .) The correspondence between blocks and triples (L, c, L) also respects the F -action (cf.
[Lus86b], 24.2). Thus, F permutes the blocks. In fact only the F -stable blocks feature in Lusztig's character formula, so we will not be interested in blocks which are not F -stable. (Note that the principal block is always F -stable.) Following the natural parametrisation of the elements of a block I 0 (associated with a triple (L, c, L) ) by the irreducible characters of W L , we set Irr W = {V ι | ι ∈ I 0 } (the V ι being modules). For ι = (C, F) ∈ I 0 we define supp(ι) = C. With respect to a fixed rational Levi subgroup L, we may parametrise the G F -orbits of the rational Levi subgroups which are Gconjugate to L by the F -classes of W L , using the Lang-Steinberg theorem, in the same manner as for maximal tori. We let Z Lw denote the centre of the Levi subgroup L w corresponding to the F -class of w ∈ W L . (In fact Z Lw is connected if Z(G) is by [DM91] , Lemma 13.14.) We also set t to be the centre of Lie(L). 3) Let G be a connected reductive group with a split F q -structure, and let I 0 be an F -stable block and let (γ N ) I 0 : g F →Q l be the function defined by
ζ is a certain fourth root of 1 and ι →ι is a certain bijection I 0 → I 0 (both defined in [Lus92] ). Then
where I 0 runs over the set of all F -stable blocks.
Remark 3.3. The functions X ι , Y ι are analogous to the Green polynomials in Theorem 2.2 (in fact, related to generalised Green functions). These are certain nilpotently supported functions g F →Q l , and the P ′ ι ′ ,ι are related combinatorial objects (cf. [Lus92] , § §6.4 -6.6). Much is known about these in the special case that I 0 is the principal block and we shall exploit this information in the course of the proof of Theorem 3.1.
3.1. The proof of Theorem 3.1. We will now prove Theorem 3.1 under the assumption that G has a split F q structure. Since this is equivalent to F 0 acting trivially on π, it follows that all geometric unipotent classes are F -stable. We show how to remove this assumption in the next subsection.
In addition to the set-up of Section 1 we must show that the F -stable blocks may be parametrised independently of q, in order to establish a rigorous foundation for the proof of Theorem 3.1. Before we consider blocks, however, we first describe a treatment of Levi subgroups which is independent of q. Recall that, with respect to fixed data (X, Y, Φ,Φ), F 0 , we have fixed a choice of maximally split maximal torus for each prime power q, and that we have fixed a simple system π ⊂ Φ (such that F 0 (π) = π) so that a rational Borel subgroup B ⊃ T is determined. For each subset J ⊂ π such that F 0 (J) = J we let P J denote the corresponding standard parabolic subgroup containing B, and L J the unique Levi subgroup of P J containing T . Since both T and B are F -stable, so are P J and L J . As mentioned above the G F -orbits of F -stable Levi subgroups conjugate to L J are parametrised by the F -classes of W L J . We have thus parametrised all F -stable Levi subgroups of G (up to G F -action) independently of q.
Now we move on to consider blocks. As mentioned a block is F -stable precisely when the corresponding triple (L, c, L) is F -stable. I.e. its image under F is in the same G-orbit. Any such L is G-conjugate to some L J so we may assume that our triple is (L J , c, L). Since the F -action on unipotent classes is independent of q, the same is true of nilpotent orbits, since Springer morphisms respect the F -action. So, in order to parametrise the F -stable blocks independently of q it just remains to parametrise the irreducible, Lequivariant,Q l -local systems independently of q. But, as mentioned earlier, these are naturally parametrised by the elements of Irr A(u), for any u such that f (u) ∈ c. If we choose u to be a split element then we can thus obtain such a q-independent parametrisation, analogous to the parametrisation of unipotent classes of G F considered earlier. In the special case that split elements do not exist we may, by our previous discussion in Section 1, choose u to be from a G F -class corresponding to a fixed q-independent label, which is sufficient for the current task. Note that in all cases F acts trivially on A(u). (For u split this is clear; for the other case see [Kaw86] , 1.2.1), and thus preserves the isomorphism classes of the corresponding local systems. In summary we have the following, which holds for split or non-split groups.
Lemma 3.4. The F -stable blocks are parametrised independently of q.
For the remainder of this subsection we assume that G has a split F qstructure. Define, for ι, ι ′ in the same F -stable block,
where C = supp(ι) and
One may check, using the relations from [Lus92] , § §6.5, 6.6, that
It follows that the class functions (γ N ) I 0 are mutually orthogonal. We may therefore write
summing over the F -stable blocks. Each summand may be written as follows.
From now on we will assume that X/ZΦ is torsion-free so that we may begin talking about polynomials in q as in Section 1. |Z •F Lw | can be seen to be a polynomial in q by, e.g., [Car93, p.74].
Lemma 3.5. Under the assumptions of Theorem 3.1, dim EndQ l G F Γ N is a polynomial in q with rational coefficients, and, for each block I 0 ,
is a Laurent polynomial in q with rational coefficients.
Proof. By Lemma 3.4 we may consider the contribution from each F -stable block independently. The second statement is clear with respect to the top line of (3) if the ω ι,j are polynomials in q for any ι, j ∈ I 0 . But this follows from Argument ♣, used with the fact (cf. [Lus92] , §6.5) that the ω ι,j are integers. The corresponding statement for the P ′ ι,j then follows from the fact that they are defined ( [Lus92] , p. 151) in terms of the ω ι,j . Now let ι = (C, F) ∈ I 0 and assume (as we may, since G has a split F q -structure) that C is F -stable, and let u ∈ C F . Then Y ι (u) is defined (cf. [Lus92] , §6) in terms of the action of A(u) on the stalk F u at u, and a certain choice of scalar multiple. Subject to the conventions of Section 1 F u and the action of A(u) on it are independent of q. So it remains to check that this scalar multiple can be chosen independently of q. One way of seeing this is via [Gec99] , (2.2), where the scalar is uniquely determined by a choice of extension of the character of A(u) corresponding to F to the semidirect product A(u) F . Hence, the scalar can be chosen independently of q. The second statement then follows by applying Argument ♣.
Define the degree of a Laurent polynomial α i t i to be the largest integer i such that α i = 0. Then by Lemma 3.5, in order to prove Theorem 3.1 it is sufficient to consider
for the various blocks. The following lemma describes some properties of the degrees of polynomials involved in (3) in the case that I 0 is the principal block.
Lemma 3.6. Let ι, ι ′ , ι 0 belong to the principal block, with supp(ι 0 ) equal to the regular nilpotent orbit, and let n = rank G. Then the following hold.
(i) ι 0 is unique with this property. (4) deg
with equality if ι = ι ′ . Since we are in the principal block, Z •F Lw = T F w , and its order is always a polynomial in q of degree n. (See, e.g., [Car93] , Chapter 2.) Then the required statement is an elementary exercise in character theory and properties of sums of rational functions. (iii) follows by a similar argument.
Since I 0 is the principal block we may use the theory of Green functions (as opposed to generalised Green functions), and for this we refer to [Sho87] , §5. We may define related class functions associated with irreducible characters of the Weyl group as follows. For χ ∈ Irr(W ), let
Then, for ι ∈ I 0 , the principal block, we have
where χ ↔ ι is the Springer correspondence. Since the element of Irr(W ) corresponding to ι 0 by the Springer correspondence is the trivial character, the expression in (iv) may be written as Q 1 (−N ′ )(q −1 ). But Q 1 = 1 by, e.g., [DM91] , Proposition 12.13. (v) follows from the fact that the dimension of the regular nilpotent orbit is strictly greater than that of the others.
We may now deduce the following.
Proposition 3.7. Let I 0 be the principal block. Then
Proof. We will show that the required degree is obtained by a careful choice of parameters ι, ι 1 , j, j 1 . We choose ι = j = ι 0 , the unique parameter corresponding to the regular orbit, and then choose ι 1 = j 1 such thatι 1 = ι.
(This is a unique choice sinceˆis a bijection.) With this fixed choice we see, by Lemma 3.6, that the degree is given by
It is known that the regular orbit has dimension dim G − n. It follows that we obtain the required degree. To complete the proof, note that by Lemma 3.6, any deviation from this choice of ι, ι 1 , j, j 1 gives rise to a polynomial of strictly lower degree.
Furthermore, one can check (using (3)) that |G F | (γ N ) I 0 , (γ N ) I 0 is monic. But this is not sufficient to prove Theorem 3.1 since it may be the case that the leading terms from non-principal blocks exceed or annihilate this contribution. We shall, however, show that this is impossible, by describing some of the features of non-principal blocks. The associated Levi subgroups will no longer be maximal tori and so we have
Lemma 3.8. Let ι, ι ′ belong to the non-principal block I 0 . Then the following hold.
(i) No element of I 0 is supported by the regular orbit. Proof. This follows from (5) and the proof of Lemma 3.6.
We may now deduce, for a non-principal block I 0 , that the degree of a typical term of
with respect to (3) is not greater than
but this is strictly less than dim G + dim C G (u). This completes the proof of Theorem 3.1.
3.2.
Groups with a non-split F q -structure. In the previous subsection the analysis of (3) was made easier by the fact that the geometric unipotent classes were fixed by the Frobenius action. (In particular it was possible to deduce useful information about the Y ι .) For non-split groups we may reduce to a situation where the only functions Y ι that appear are such that supp(ι) is F -stable. We do this by considering a transposed version of generalised Gelfand-Graev characters as follows (see [Lus92] , §7.5) . Let C be an F -stable nilpotent orbit such that ι = (C, F) belong to an F -stable block I 0 , and let x 1 , . . . , x r be representatives for the G F -classes in C F . Let a denote the order of C G F (x i ), for some i. (Clearly a is independent of i.) Also, let a i denote the order of C G F (x i ) F . Then we define
We also have
where the sum is taken over the F -fixed k such that supp(k) = C. Hence we may write
In [Lus92] Lusztig has given a formula for the γ ι , valid for split groups, which is analogous to the one in Theorem 3.2. Lusztig also hints at how to alter various formulas contained in [Lus92] to make them valid for non-split groups. This is carried out explicitly in [DLM03] , from which we borrow the following formula ([DLM03], (6.1)):
Here,Ṽ ι are certain extensions of V ι to modules for the group W L F . In [Lus86a] , §2.2, they are chosen in an explicit and unique way, which is independent of q. Lusztig calls them the preferred extensions. By [DLM03] , Remark 3.6, the scalar ε ι 1 = ±1 is determined by a preferred extension and thus is also independent of q.
Thus, we have
By combining (6) and (7) we obtain an expression for the dimension of a generalised Gelfand-Graev representation in which no function Y ι appears unless supp(ι) is F -stable. Theorem 3.1 now follows for non-split groups by applying the same argument as in Subsection 3.1 to this expression.
3.3. Groups with a disconnected centre. In this subsection we consider what happens when we remove the assumption that X/ZΦ is torsion-free. In this situation Z(G) may have a disconnected centre. (In fact this occurs for G = G(p m ) precisely when X/ZΦ has no p ′ -torsion.) It should be clear from the discussion in Section 1 that the parametrisation of F -stable geometric unipotent classes is still independent of q. The difficulty arises when we try to parametrise, independently of q, the G F -classes of rational points in some C F , where C is an F -stable geometric unipotent class. In fact this is impossible in general since even the number of G F classes in C F may depend on q. We now explain a way of getting around this difficulty.
First note that split elements still exist and are unique up to G F -conjugacy. (We may ignore the E 8 difficulty this time as there is only one isogeny class associated with this group and it has the property that X/ZΦ is torsionfree.) For a given finite reductive group G F , with data (X, Y, Φ,Φ), F 0 and prime power q 0 , set D = D(G F ) to be the set of prime powers q 1 such that the component groups of F -stable geometric classes of G(q 1 ) are isomorphic to those of G(q 0 ) (via Spaltenstein's map), and furthermore that the Faction respects these isomorphisms. Then if f ∈ Q[x] is a polynomial such that some quantity associated with (X, Y, Φ,Φ), F 0 is given by f (q) for all q ∈ D, then we say that this quantity is a polynomial in q on D.
For given data (X, Y, Φ,Φ), F 0 it should be possible to write down an explicit list of the possible sets D, for simple simply connected groups at least. The discussion on [GR09b] , p. 8, would be a good starting point.
We briefly illustrate what might happen by means of an example ([GR09b] , Example 2.6). When G = SL 3 , with standard Frobenius map, and u ∈ C, where C is the regular unipotent class, there are three possibilities for D, depending on the congruence of q modulo 3. When q is a power of 3, A(u) = 1. When q is congruent to 1 modulo 3, A(u) ∼ = Z/3Z, with F acting trivially. When q is congruent to 2 modulo 3, A(u) ∼ = Z/3Z, but this time F acts non-trivially.
We now state and prove the main result of this subsection.
Theorem 3.9. Let G be a connected reductive group, defined over F q , with root datum (X, Y, Φ,Φ) and Frobenius endomorphism F , and let D = D(G F ) be as above. Let u ∈ G F uni and let Γ u be the corresponding generalised Gelfand-Graev representation. Then the dimension of the endomorphism algebra EndQ l G F Γ u is a monic polynomial in q on D with rational coefficients. Moreover, its degree is given by the dimension of the centraliser C G (u).
Proof. The proof essentially works in the same way as for groups with a connected centre. We will assume here, for simplicity, that G has a split F qstructure, although the non-split generalisation carries over to this case, as before. First note that the statement of the theorem is meaningful, in the sense that the generalised Gelfand-Graev characters are naturally parametrised independently of q ∈ D, by the above discussion. Next, note that Lemmas 3.4 and 3.5 still hold in this situation. Indeed, the set I and its partition into blocks, as well as the F -action on it, only depends on (X, Y, Φ,Φ), F 0 , and the component groups, together with their F -action. The analysis of (3) required in the proof of Lemma 3.5 poses no new difficulty, although the reason why |Z •F Lw | is a polynomial in q is somewhat deeper in this case (see, e.g., [Car93] , pp.73,74).
The statement of Lemma 3.6 remains true here also, although establishing the truth of (i) requires a different argument since it may not be the case that A(u) = 1 for a regular unipotent element any more. However, (i) is equivalent to there only being one Springer representation associated with the regular nilpotent orbit. But this is clear from Springer's construction (as described in, e.g., [Car93] , §12.6). This fact also means that the special parameters chosen in the proof of Lemma 3.7 may be chosen again in the current situation and thus this result, and the monic property, remain true too. Finally, Lemma 3.8, (i) may not be true in the current situation, but (ii) and (iii) are true and these are, in fact, sufficient to deduce that polynomials associated with non-principal blocks have degree strictly less than dim G + dim C G (u).
